While extensive literature exists on the valuation and risk management of financial guarantees embedded in insurance contracts, both, the corresponding longevity guarantees as well as interactions between financial and longevity guarantees are usually ignored. The present paper provides a framework for a joint analysis of financial and longevity guarantees and applies this framework to different annuity conversion options in deferred unit-linked annuities. In particular, we analyze and compare different versions of so-called guaranteed annuity options (GAO) and guaranteed minimum income benefits (GMIB) with respect to the value of the option and the resulting risk for the insurer. The analysis is based on a combined stochastic model which means that both, the financial market as well as future survival probabilities, are modeled stochastically. This allows us to identify the main risk drivers for each annuity conversion option. Additionally, we examine whether and to what extent the insurance company is able to reduce the risk by risk management measures. We show that different annuity conversion options have significantly different option values and that different risk management strategies lead to a significantly different risk for the insurance company.
Introduction
In a pure unit-linked deferred annuity, premiums are typically accumulated in one or several funds until some fixed or flexible retirement date at which the policyholder can either receive the account value as a lump sum or convert it into an annuity at then prevailing annuity rates. The resulting annuity payment therefore depends on the fund value at the policyholder's retirement date and on the interest rate and mortality expectations (which determine the annuity rate). In particular, at the start of the deferment period such contracts do not guarantee a minimum value for the annuity. Since policyholders, however, commonly demand guarantees, insurance companies often add certain minimum guarantees to deferred unit-linked annuity contracts in order to increase customer acceptance. Furthermore, in some countries (e.g. in Germany), certain minimum guarantees are even required to qualify for tax advantages.
For these reasons, a variety of different forms of annuity guarantees within unit-linked deferred annuities are being offered in many markets worldwide. Typically, such guarantees constitute complex embedded options with a payoff that depends on the development of the underlying fund, interest rates, and mortality. Nevertheless, these guarantees can differ significantly with respect to both, their value at the start of the deferment period and their 'character', i.e. the question whether they are predominantly equity, interest or mortality options. As experienced in the UK during the late 1990s, such options (due to long contract terms of commonly several decades) can become unexpectedly valuable and a potential cause for an insurer's insolvency (cf. Boyle and Hardy, 2003) .
In this paper, we consider three different types of annuity conversion options. The first one, the guaranteed annuity option (GAO), guarantees the policyholder at the start of the deferment period a certain minimum conversion factor that will be applied at the end of the deferment period to convert the account value into a lifelong annuity. The second option is a limited GAO. It reduces the insurer's risk by defining a maximum account value up to which the guaranteed conversion factor at most applies. Any fund value above this amount can only be annuitized at then prevailing rates. The third option type, a so-called guaranteed minimum income benefit (GMIB), is often offered within variable annuities in the US. This option guarantees the policyholder at the start of the deferment period a minimum amount for the lifelong annuity which is in particular independent of the development of the fund value. With this guarantee, the policyholder can choose at retirement between receiving the guaranteed annuity and converting the account value into a lifelong annuity at then prevailing rates.
In this paper, we use a combined stochastic financial and mortality model to analyze the value of and the risk resulting from these three annuity conversion options for insurance companies. We particularly consider the effect of different hedging strategies.
During the last decade, several authors have addressed the valuation of GAOs. For example, Boyle and Hardy (2003) , Ballotta and Haberman (2003) , and Van Haastrecht et al. (2010) derive explicit expressions for the market price of GAOs. Van Haastrecht et al. (2010) even assume stochastic volatility for the equity price and apply a 1-factor as well as a 2-factor Gaussian interest rate model in order to compare the resulting GAO prices. However, this analytical approach is only possible since all mentioned authors assume deterministic survival probabilities which enables them to interpret GAOs as call options on coupon bonds. Meanwhile, there seems to be a broad consensus that the future development of mortality cannot be forecast with sufficient precision and thus needs to be modeled stochastically, too (cf. Currie et al., 2004) . Thus, among others, Milevsky and Promislow (2001) , Biffis and Millossovich (2006) , Ballotta and Haberman (2006) (which is an extension of Ballotta and Haberman (2003) ), and Schrager (2006) not only model equity and interest rates as stochastic processes, but they also project future survival probabilities by means of so-called spot force models in order to adequately price GAOs. There also exists some literature on the valuation of GMIBs, commonly in the general context of pricing guarantees in variable annuities, as e.g. Bauer et al. (2008b) , Marshall et al. (2010) , and Bacinello et al. (2011) .
However, in order to assess the insurer's risk implied by annuity conversion options such as GAOs and GMIBs, knowing the option's price is not sufficient, in particular, when the corresponding risks cannot be hedged completely. Therefore, an analysis of the risk associated with annuity conversion options in a stochastic model, that combines the financial market as well as mortality seems worthwhile. In our paper, we therefore analyze the insurer's risk and examine whether and to what extent the insurance company is able to reduce the risk by risk management measures. In our combined stochastic financial and mortality model, the financial market is modeled by a one-factor Cox-Ingersoll-Ross model for the interest rates and a geometric Brownian motion for the fund value, while for projecting the survival probabilities a slightly modified version of the forward mortality model proposed by Bauer et al. (2008a) is used.
The remainder of this paper is organized as follows. In Section 2, we specify the combined financial and mortality model. Section 3 introduces the insurance contract and the considered annuity conversion options, as well as the considered hedging strategies and our considered risk measures. In Section 4, we present the results of our numerical analyses including several sensitivity analyses. Finally, Section 5 summarizes and concludes.
Financial market and mortality model
For the remainder of this paper we fix a finite time horizon T * and a filtered probability space (Ω, F, F, P) with F = (F t ) 0≤t≤T * satisfying the usual conditions of right-continuity and Pcompleteness. Throughout, F t describes the total information available at time t. We assume F 0 to be trivial and set F = F T * . Additionally, all processes introduced below are assumed to be adapted and of bounded variation.
In what follows, we introduce the two components of our stochastic model: the financial market and the mortality model.
Financial market
We consider a financial market where the only primary tradeable assets are a bank account, a fund and zero coupon bonds with any maturity t ∈ [0, T * ]. We assume that trading takes place continuously, without any transaction costs or spreads, and all assets are assumed to be perfectly divisible.
The bank account B(t) evolves according to the differential equation
, where r(t) denotes the short rate at time t. Following Cox et al. (1985) , the P-evolution of the short rate is modeled as a mean-reverting square root process
with (W r (t)) 0≤t≤T * being a P-Brownian motion. The parameters κ, θ and σ r are some positive constants with κ describing the speed of mean reversion, θ the long-run mean level and σ r the volatility. For 2κθ ≥ σ 2 r , the short rate remains strictly positive. The fund value process (S(t)) 0≤t≤T * follows a generalized geometric Brownian motion with P-dynamics (cf., for example, Graf et al., 2010) dS(t) = (λ S + r(t))S(t)dt + σ S S(t)dW S (t), S(0) > 0.
Compared to a standard geometric Brownian motion the drift is not constant, but given by the F-adapted process µ(t) = λ S + r(t), 0 ≤ t ≤ T * , where λ S denotes the equity risk premium. Again, σ S > 0 describes the volatility and (W S (t)) 0≤t≤T * a P-Brownian motion. Let the parameter ρ ∈ [−1, 1] characterize the correlation between W r and W S . Then, by means of a P-Brownian motion (W S * (t)) 0≤t≤T * independent of (W r (t)) 0≤t≤T * , we can specify
Note that later on we are only interested in the fund value at maturity T, but not in the whole path in between. Thus, it seems sufficient to choose this rather simple fund value process.
Finally, we determine the zero coupon bond prices. In Section 2.3 we specify our choice of risk-neutral measure Q such that the Q-dynamics of (r(t)) 0≤t≤T * again follow a square-root diffusion with risk-neutral parametersκ,θ andσ r . Therefore, the price at time t of a zero coupon bond with maturity T equals (cf. Brigo and Mercurio, 2006 , page 66)
and B(t, T ) =
2(e h(T −t) −1)
, h = κ 2 + 2σ 2 r .
Mortality model
We consider a homogeneous portfolio of x-year old policyholders, where x is the age at time 0. Let τ i x ∈ (0, T * ], i ∈ N, be the random residual lifetime of the i-th policyholder as seen from time 0. All residual lifetimes are modeled as F-stopping times which means that, at any time t, F carries enough information to tell whether the i-th policyholder has survived until time t or not. In the following, we distinguish between the information on the financial market and the death probabilities on the one hand, and the information on the actual occurrence of death on the other hand. Both information flows are modeled by strict subfiltrations G and I of F, respectively, and we assume that F = G ∨ I, i.e., F t = G t ∨ I t for all t ∈ [0, T * ]. In particular, the survival information I is given by
, where
is the smallest filtration with respect to which τ i x is a stopping time.
In the following, all equalities between random variables are in the almost sure sense. We assume that the residual lifetimes are conditionally independent and identically distributed given the σ-algebra G T * , i.e., for each subset {i 1 , ..., i } ⊂ N, ∈ N, for any t i 1 , ..., t i ∈ [0, T * ],
and for all i, j ∈ N, t ∈ [0, T * ],
The conditional independence indicates that once the information on the environment carried by G is taken into account, the residual randomness in the residual lifetimes is independent across individuals (cf. Biffis et al., 2010, p. 288) . The assumption of identically distributed random variables given G T * is quite comprehensive. Since the conditional expectation is unique in the almost sure sense (cf. Shreve, 2004, p. 69) , assumption (A2) implies
and by the tower property of conditional expectations, it holds for all s, t ∈ [0,
Both assumptions, (A1) and (A2), are quite natural. In particular, it directly follows that
, is again a sequence of G t -independent random variables with the same conditional distribution. A conditional version of Kolmogorov's strong law of large numbers then yields (cf. Majerek et al., 2005, p. 154) 
Finally, we come back to the filtration F. It can be shown that for all i ∈ N (cf. Bielecki and Rutkowski, 2004, p. 145 )
Thus, it is sufficient to model solely the random probabilities P (τ x > T | G t ) , t, T ∈ [0, T * ]. For this, we use a so-called forward mortality model which provides at any future time t a forward mortality table considering any maturity T such that nested simulations can be avoided. In addition, such a model implicitly allows for changes in the future mortality trend expectation since it becomes random, too. We follow Börger (2010) and apply a slightly modified version of the forward mortality model introduced by Bauer et al. (2008a) and Bauer et al. (2010) , and refer to it as the BBRZ model. In the following, we require that the forward force of mortality with maturity T as from time t for a person aged x at time 0,
is well defined. Then the BBRZ model assumes that, for any fixed (T, x), the P-dynamics of the process (µ(t, T, x)) 0≤t≤T * are given by
where α(t, T, x) denotes the drift, σ(t, T, x) a 6-dimensional volatility vector and (W µ (t)) 0≤t≤T * a 6-dimensional P-Brownian motion. We assume that W µ is independent of W r and W S * which corresponds to the assumption that the financial market is independent of the mortality. The drift term α(t, T, x) has to satisfy the condition (cf. Bauer et al., 2008a, p. 176) 6) so that α(t, T, x) is already implicitly given by the volatility structure σ(t, T, x). Furthermore, from definition (2.4) it directly follows
which, inserting the dynamics (2.5), yields
This implies that for determining the probabilities
, we actually do not have to specify the forward forces of mortality. Instead, given (2.6), it is sufficient to know the volatility structure σ(t, T, x) and the best estimate survival probabilities P (τ x > T ) at time 0. The volatility structure as suggested by Börger (2010) Finally, we can specify the subfiltration G of F introduced at the beginning of this section by
where
models the information on the financial market and
the information on the survival probabilities.
Change of measure
Assuming the absence of arbitrage, we can find a probability measure Q which is equivalent to P and under which all discounted price processes are martingales. Q is called equivalent martingale measure or risk-neutral measure. However, since the biometric risk is not tradeable in our financial market, the market is incomplete and the risk-neutral measure Q is not unique (for a further discussion, cf. Møller and Steffensen, 2007, p. 147) .
) is a P-Brownian motion by definition, and assume
that is, Novikov's condition is satisfied. Then, Q defined by its Radon-Nikodym derivative dQ dP = L(T * ) is a P-equivalent probability measure on (Ω, F) (cf. Shreve, 2004, p. 33/34) , and by Girsanov's theorem, the process
is a Q-Brownian motion. In particular, the components W r (t), W S * and W µ (t) are again independent Brownian motions now under Q. This implies that the independence of the financial market and the mortality is preserved under Q. Note that we implicitly assume that the market is risk-neutral with respect to unsystematic mortality risk which is motivated by the law of large numbers (cf. equation (2.2)). Now we need to specify γ(t) such that Q is also a martingale measure. Imposing the restriction
guarantees that (
) 0≤t≤T * is a Q-martingale. However, neither the discounted price process of B(t) nor of P (t, T ) imply additional conditions. Thus, we choose γ r (t) and γ µ (t) under practical aspects. In order to preserve the square-root process of the short rate under Q, we additionally assume γ r (t) = λ r r(t), λ r ∈ R, as proposed in the literature (cf. Brigo and Mercurio, 2006, p. 65) . This results in the following Q-dynamics of r(t) and S(t):
. A possible approach for specifying γ µ (t) is provided in Bauer et al. (2010, p. 141/142) . Instead of explicitly defining γ µ (t), they assume a time-constant Sharpe ratio λ µ ∈ R and deduce that
The choice of a rather simple risk process is motivated by the fact that there is still no information available on the structure of the market price of longevity risk.
Finally, risk-neutral survival probabilities
, can be derived from their P-counterparts as follows. Since Q is equivalent to P, the convergence from (2.2) also holds under Q. Thus, the conditional dominated convergence theorem (cf. Koralov and Sinai, 2007, p. 182) together with the G T * -measurability of
(2.9)
Since the residual lifetimes are assumed to be identically distributed given G T * under P, this holds under Q as well, and the left-hand side of (2.9) no longer depends on n. Thus, we obtain 
du is a Q-Brownian motion and σ(t, T, x) = 0 for any t > T. Note that the equation actually holds for any deterministic choice of γ µ (t).
Liability framework

General setup of the insurance contract
We consider unit-linked deferred annuities that are issued at time t = 0 to x-year-old male policyholders. At inception of the contract, the policyholder pays a single premium P 0 which is invested in a fund with unit value S 0 at time t = 0. We assume that the policyholder neither pays additional premiums nor makes withdrawals or surrenders during the term of the contract. For the sake of simplicity, we also ignore any fees associated with the annuity contract. Denoting the policyholder's account value at time t by A t , this implies that A t = A 0 St S 0 as long as the money is invested in the fund. In case of pre-retirement death, the beneficiaries receive the entire current account value and the contract is closed.
The deferment period ends with the policyholder's retirement at the age of z, that is, at time T := z − x. The policyholder has then the choice between taking his current account value A T as a lump sum, and choosing a guaranteed annuity that is paid annually in advance throughout his remaining lifetime. We consider different annuity conversion options that are introduced in more detail in Section 3.2. With respect to annuitization, we always assume a financially rational behavior of the policyholders which implies that annuity conversion options are exercised if and only if they are in the money.
Additionally, we compare different pricing and hedging strategies of the insurance company. We distinguish whether the insurance company charges a fee for the annuity conversion option or not and whether the fee, if any, is used for hedging or just invested into a bank account. In case an option fee is charged, it is directly deducted as a single amount F 0 from the single premium P 0 . Thus, the initial account value amounts to A 0 = P 0 − F 0 .
Considered annuity conversion options Guaranteed annuity option (GAO)
A guaranteed annuity option provides the policyholder the option to annuitize his account value A T at some prespecified conversion rate g which specifies the annual annuity per unit of the account value. The conversion rate is specified at time t = 0. Consequently, the whole guaranteed life annuity amounts to gA T per year.
We assume some finite limiting age ω ≤ T * beyond which survival is not possible (a.s), i.e. 0 < τ i x ≤ ω for all i. The time-T value of an immediate annuity starting at time T and paying the i-th policyholder an annuity of unit amount annually in advance throughout his remaining lifetime is then given by
where the second equation follows from the assumption that the financial market is independent of the mortality (cf. Section 2.2). Since the analogous results to equation (2.3) and (2.1) can be derived under Q, it holds
, which yields
for all i ∈ N. Clearly, if the policyholder dies before time T, a i T = 0. The GAO's maturity value, which is equal to the option's payoff at time T, is then given by
GAO with limit (Limit)
Since the value of the GAO is proportional to the account value A T , the potential loss is unbounded. Therefore, many insurers limit the amount to which the conversion rate g applies by introducing an upper bound L to which the conversion rate at most applies. If A T ≤ L, the GAO with limit is identical to the traditional GAO and the annuity amounts to gA T per year. However, if A T > L, the conversion rate g only applies to L and the guaranteed annuity is given by gL per year. The excess A T − L is annuitized at then prevailing rates which is equivalent to paying the additional cash amount A T − L at maturity. Analogously to the GAO's maturity value, we thus obtain for the time-T value of the GAO with limit
As observed in the insurance market, the limit L is commonly proportional to the single premium P 0 . Therefore, we specify L = cP 0 for some constant c which we call limit factor.
Guaranteed minimum income benefit (GMIB)
Compared to a GAO, a GMIB does not guarantee a conversion factor on some account value but a fixed minimum annuity instead. Usually, the minimum guaranteed annuity is communicated to the policyholder by defining a guaranteed account value G and a guaranteed conversion rate g. The guaranteed annuity is then given by gG per year. In other words, the policyholder has the choice between taking out the 'real' account value A T , annuitizing the 'real' account value at current rates, and choosing an annuity of annual amount gG that results from annuitizing the 'virtual' account value G at a rate of g. This implies a time-T option value of
Note that, in contrast to GAO and GAO with limit, the minimum annuity amount is here already nominally known at inception of the contract. The guaranteed amount G is usually specified as roll-up amount. It is calculated by annually compounding the single premium P 0 with a constant interest rate i r , that is,
The interest rate i r is called roll-up rate. 
Insurer's pricing and hedging strategies
We focus on those strategies that are commonly used in practice. In practice, some annuity conversion options are sold without any additional charge and no special risk management actions are taken into account. Sometimes, an option fee is charged, but the contracts are still not adequately hedged. Sometimes, guarantee charges are actually used to buy certain derivatives in order to cover for capital market risks. In any case, standard actuarial approaches assuming deterministic mortality tables are usually used for product pricing. Therefore, we refrain from using a stochastic mortality model in this section.
In this paper, we distinguish whether the insurer charges an option fee or not and whether the fee, if any, is used for hedging the option liabilities or just invested in the bank account. This results in the following three insurer's strategies that are displayed in Table 1: No hedging Hedging No option fee A -Option fee B C Table 1 : Overview of the strategies.
• Strategy A: No option fee, no hedging The insurer charges no fee for the annuity option, that is, F 0 = 0 which implies A 0 = P 0 . Since no fee is charged, the insurer neither hedges his option liabilities nor invests money in the bank account.
• Strategy B: Option fee, no hedging The insurer charges an option fee F 0 > 0 which is directly deducted from the single premium P 0 . Thus, we have A 0 = P 0 − F 0 . Nevertheless, the insurer does not hedge its liabilities. The charged option fee is simply invested in the bank account.
1 Alternatively, the guaranteed amount G can also be calculated as ratchet amount. In this case, G is equal to the maximum of the policyholder's account value in the years 0, 1, ..., T, that is, G = max t=0,1,...,T A t . For the remainder of this paper, we restrict our analyses to the case of roll-up guarantees.
• Strategy C: Option fee, hedging Again, the insurer charges an option fee F 0 > 0 which results in an initial account value of A 0 = P 0 − F 0 . The fee is used for hedging the option liabilities against the financial risk during the deferment period.
Each strategy applies to the whole option portfolio of the insurer. The option fee under strategy B and C actually depends on the option type (see below). Since the single premium is always the same, the initial account value A 0 thus varies between the option types when applying strategy B or C. For the sake of clarity, we do not explicitly indicate this fact.
Next, we specify the insurer's hedging approach under strategy C and derive the charged option fee under strategy B and C.
Since there exists no liquid financial market for instruments which cover the biometric risk of the annuity conversion options introduced in Section 3.2, the insurer is only able to hedge its liabilities against the financial risk. Nevertheless, we assume that the insurer makes prudent mortality assumptions , i.e. for pricing and hedging, the insurer uses a mortality table including safety margins.
Let tpx denote the deterministic t-year survival probability of an x-year-old male used for pricing and hedging, and definê
For hedging GAOs, GAOs with limit and GMIBs, financial securities with the following payoffs at time T can be purchased or replicated in the market at time 0:
•
Obviously, the above securities are similar to the annuity conversion options from Section 3.2. The only difference is that the payoff at time T is independent of the realized and expected future mortality at time T. In order to hedge its option liabilities, the insurer buys for each contract hedge securities according to the expected probability of surviving until time T, i.e. Tpx units. Thus, if H 0 denotes the price of the hedge security at time 0, the hedging costs amount to Tpx H 0 per contract. Note that this exactly equals the price of the original option under prudent mortality assumptions as can be deduced from the calculations below. In the following we assume that the option fee F 0 charged under strategy B and C is identical to the costs for the hedge against the financial risk, that is, F 0 = Tpx H 0 . Clearly, H 0 and F 0 vary from option type to option type, although this is generally not indicated.
For calculating the option fee, we need to price the above introduced hedge securities. Remember that under strategy B and C, we have
Applying the risk-neutral valuation formula (cf. Björk, 2005 , page 148) results in the following time-0 prices of the hedge securities:
• Security for hedging GAOs:
This yields
which is an explicit price formula.
• Security for hedging GAOs with limit:
We can show that there exists a solution to this fixed-point equation, but the solution cannot be found analytically. Instead, we have to apply numerical procedures such as regula falsi in order to obtain H Limit 0 .
• Security for hedging GMIBs:
Again, the fixed-point equation cannot be solved analytically, but requires a numerical solution procedure. Actually, depending on the parameter set, a solution does not always exist.
In our numerical analyses, all expectations are calculated by Monte Carlo simulations.
Option value and insurer's loss
As a first step in our numerical analyses, we consider the time-0 option values per contract denoted by V 0 which are independent of the individual. The contract evaluation is carried out in a risk-neutral framework including stochastic mortality. This allows for a comparison of the value of the annuity conversion options from a client's perspective. Analogously to the security prices, the option values at time 0 are obtained as
Obviously, the option values depend on the insurer's strategy, in particular, on whether an option fee is charged or not (F 0 may be 0). In case of GAOs and GAOs with limit, the option value decreases with charging an option fee whereas in case of GMIBs, the option value increases with charging an option fee.
In order to assess the insurer's risk implied by annuity conversion options such as GAOs and GMIBs, knowing the option price is not sufficient. For example, under the pricing measure the expected return on any risky asset equals the risk-free rate. Consequently, no matter what expected return is actually assumed for the underlying asset, the price of the annuity conversion option is always the same. However, the risk situation clearly changes with the return assumption. Therefore, in our numerical analyses we particularly focus on the insurer's loss distribution at time T for the nine different cases listed in Table 2 . For each case we assume a homogeneous option portfolio and a strategy which applies to each contract of this portfolio. Commonly, the insurance company is not interested in the loss caused by the individual contract, but in the average amount of loss per contract. We want to ignore unsystematic risk from the fact that only a limited number of contracts is sold and thus consider an infinitely large insurance portfolio. The average option payoff per contract is then given by (cf. equation (2.2))
where T p x := P (τ x > T | G T ) . Depending on the strategy, the insurer's average loss per contract, denoted by Π T , thus amounts to
• Strategy B:
• Strategy C:
Remember that the account value A T depends on the strategy, in particular, on whether an option fee is charged or not, and thus V T does as well. Clearly, all variables additionally depend on the option type.
Numerical results
In our numerical analysis, we perform a Monte Carlo simulation with 10,000 paths and 100 discretization steps per year. For simulating the forward force of mortality, we use 150 standard normally distributed random variables in each path in order to roughly meet the actual correlation between the forward survival probabilities (for further information, see Börger, 2010, p. 254) . We assume a 50-year-old insured with a deferment period of 15 years and assume that the insurer uses the expected risk-neutral survival probabilities as implied by the stochastic mortality model for pricing and hedging. All other parameters for the base case are given in Table 3, where the parameters for the GBM and the CIR model are taken from Graf et al. (2010) 2 and the parameters for the BBRZ model are derived from Börger (2010 
Comparison of the considered annuity conversion options
Before we start with the numerical results, we provide a short qualitative comparison of the considered annuity conversion options introduced in Section 3.2. In accordance with the analysis below, we restrict the comparison to the case c = 1 and i r = 0, that is, the limit L as well as the guaranteed account value G equal the single premium P 0 . This implies
. We also see that by introducing a limit to the GAO, the option payoff is only reduced in case the fund value A T exceeds the single premium P 0 . Otherwise, the option payoffs are the same. The relation between GAOs and GMIBs can also be easily stated. Depending on the account value at time T, it holds
Clearly, as soon as the 'real' account value A T exceeds the guaranteed account value P 0 , the GAO implies a higher loss for the insurer compared to the GMIB since the conversion rate g not only applies to P 0 but to the higher amount A T . The reverse holds in case A T ≤ P 0 . Finally, we compare GAOs with limit and GMIBs. Analogously to the previous result, it can be shown that
If A T ≥ P 0 , in the case of GAOs with limit, any account value beyond the limit P 0 is still annuitized, though at conditions prevailing in the market and not at the guaranteed rate. Thus, compared to a GMIB where the exceeding amount remains with the insurer, the insurer's loss is higher with GAOs with limit than with GMIBs. Conversely, if A T ≤ P 0 , the guaranteed conversion rate g only applies to A T instead of the guaranteed account value P 0 and the insurer's loss is lower with GAOs with limit than with GMIBs.
It is noteworthy, that for GAOs and GAOs with limit, the question if the option has a positive payoff only depends on interest and mortality, and the payoff is proportionally increasing in the fund value S T . For GMIBs, however, the question if the option has a positive payoff simultaneously depends on interest, mortality as well as the fund value S T . Moreover, here the payoff is decreasing in S T .
Assuming an increasing fund value over time, at first sight the above comparisons imply that GMIBs are less risky than GAOs and GAOs with limit. However, in case A T ≤ P 0 the GMIB is actually likely to be triggered and to be strictly greater than the payoff of the GAO and the GAO with limit while in case A T ≥ P 0 the GAO and GAO with limit are not necessarily in the money since they are only triggered by interest and mortality. Instead all payoffs may just be zero. Thus, upfront it is not clear which option implies a higher risk for the insurer.
Distribution of the insurer's loss
We start our numerical analyses with showing the distribution of the insurer's loss at maturity T for all three considered annuity conversion options and all three considered insurer's strategies in the base case scenario in Figure 1 . The respective risk measures are shown in Table 4 . All values are given relative to the single premium paid. In the base case scenario, where the long term interest rate level θ = 0.045 is relatively high compared to a rather low guaranteed conversion rate g = 0.05, the hedging costs are equal to zero in case of GAOs (with and without limit) so that the insurer does not charge any option fee for the considered GAOs. As a result, all considered insurer's strategies for GAO and Limit, respectively, show the same distribution and the insurer never faces any profit (negative loss) from these options. However, there is a slightly positive option value and a slightly positive probability of almost 1% that the GAO is in the money at maturity T . If it is in the money, it is in the money for the GAO version as well as for the Limit version of the product. It is only the extent of the insurer's loss that is potentially different for GAO and Limit. However, due to the Table 4 : Selected risk measures of the insurer's loss in the base case scenario.
rather low probability that the option is in the money at all, the risk of these guarantees seems negligible. Even in the 99.5th percentile, the loss of the insurer is below 1.5% of the single premium paid by the client. The GMIB guarantee shows a completely different risk profile. Under strategy A, where the insurer neither charges an option fee nor hedges its financial risk, the insurer never makes a profit (negative loss) but faces a loss in 16% of the cases. While the GAO needs sufficiently low interest rates and low mortality rates for the option to be in the money, the GMIB guarantee can also be triggered by low fund values. Thus, most of the scenarios where the insurance company faces a loss are scenarios of falling fund prices, mostly combined with rather low interest rates and low mortality probabilities.
Under the strategies B and C, the insurer charges for the GMIB guarantee an option fee of 7.48% of the single premium paid. The resulting option value from a client's perspective is 7.5%. In the case where the insurer just charges this option fee but does not buy any hedging instruments, there is a high probability for the insurer to make a small profit. This profit comes from the guarantee charges and the interest rate earned on it in all cases where the guarantee is not or only slightly in the money at maturity. However, if the guarantee is in the money, it is very unlikely that the guarantee charge is enough to cover the liability. The shortfall probability in this case equals 13.3% while the expected shortfall amounts to almost 3% of the single premium paid. Losses can reach an amount of up to 50% of the single premium paid in the 99.5% VaR or 99% TVaR in case no hedging is in place. This clearly shows that, if the risk based capital is calculated under market consistent valuation approaches such as Solvency II or Swiss Solvency Test, such a strategy would not significantly reduce the capital requirements.
Under strategy C, the insurer uses the option fee to purchase interest rate and equity hedges according to its prudent mortality assumptions. There are a number of cases where neither the hedge instruments bought nor the claim the insurer has to pay have any positive value at maturity T . These cases lead to an insurer's loss of zero. There is a probability of almost 15% that the value of the hedge instruments is greater than the value of the insured's claim at maturity T . In most of these cases, no claim is to be paid at all but the hedge instruments have some positive value. All these cases lead to some profit for the insurer. In the opposite event where the hedge instruments are not sufficient to cover the insurance claims, the insurer faces a loss. This happens in roughly 6% of the cases with an expected shortfall of 0.3%. Compared to strategy B, 99.5% VaR and 99% TVaR can significantly be reduced by the capital market hedge from roughly 50% to 13% -15%. However, the remaining risk from stochastic mortality still leads to rather high capital requirements.
The results in this base case scenario, where long term market rate assumptions are rather high compared to guaranteed conversion rates, show that the GMIB guarantee seems to carry a much higher risk for the insurer than GAOs. The main reason for this result, however, is the rather high interest rate level and the fact that the GAO is far out of the money at inception. Therefore, we provide some sensitivity analyses with lower interest rate levels.
Sensitivity with respect to interest rates
In this section, we provide some sensitivity analyses for lower long term interest rate assumptions. We distinguish an environment of 'low interest rates' with long term assumptions of θ = 0.03 from an environment of 'very low interest rates' with long term assumptions of θ = 0.015. All other parameters remain unchanged. Figure 2 shows the distribution of the insurer's loss at maturity T for all three considered annuity conversion options and all three considered insurer's strategies in the scenario of low interest rates. The respective risk measures are shown in Table 5 . Table 5 : Selected risk measures of the insurer's loss in a scenario of low interest rates.
The first and very obvious result is that in comparison to the base case scenario, all considered annuity conversion options become more valuable from a client's perspective and riskier from an insurer's perspective.
The option fee for the GAO charged under the strategies B and C is still practically zero. In fact, assuming deterministic mortality tables as described in Section 3.3, the insurer calculates a slightly positive option fee that is below 0.01% of the single premium paid. Thus again, for the GAO and the Limit guarantee, there is practically no difference in the considered insurer's strategies. The option value taking into account stochastic mortality, however, already amounts to 1.57% of the single premium paid in the GAO case and 0.93% of the single premium paid in the case of the limited GAO. This shows that the pricing of the insurer, which is commonly used in practice, systematically underestimates one source of risk, namely stochastic mortality. Furthermore, the considered risk management strategies of the insurer at most aim to protect from capital market movements assuming deterministic mortality rates and thus are not able to remove all risk.
Under the current assumptions of low interest rates, the difference between the GAO and the limited GAO product design becomes visible, especially when the tail risk is considered. While for an unlimited GAO, the 99.5% VaR (99% TVaR resp.) reaches a level of 56% (72% resp.), the limited GAO only faces a risk of 20% (22% resp.) of the single premium paid. Note that the shortfall probability is still the same (10%) for both options since the shortfall is triggered by the same scenarios, namely when low interest rates coincide with low mortality rates. The extent of the shortfall, however, is higher in a scenario of high stock returns if no limit is set on the GAO. This can also be seen by comparing the expected shortfall of 1.57% in the GAO case and 0.68% in the Limit case.
The GMIB generally shows under low interest rates a similar pattern as in the base case scenario. Naturally, guarantees become more valuable than in the base case scenario and thus risk becomes more pronounced. In the case where no option fee is charged, the shortfall probability increases to 26%, the expected shortfall increases to 8% and the tail risk increases to 75% -78%. If the option fee of 17.61% is charged but no appropriate hedging is in place, risk is reduced but still high.
Even if hedging is in place, that is, the insurer follows strategy C, compared to the base case parameter setting the risk increases due to the assumption of lower interest rates. However, comparing the GAO and the GMIB guarantee in more detail, there are some effects that deserve a little more attention. If guarantees are not adequately hedged, the GMIB seems much riskier than the GAO. It shows a much higher option fee as well as higher shortfall probabilities and expected shortfalls. However, the tail risk is similar for both products. If the insurance company actually hedges capital market risks, the risk of the GMIB can be heavily reduced while practically no hedging effect can be seen for the GAO product design. The latter effect is rather clear since the option fee for the GAO is practically zero. For the GMIB, however, the rather high option fee is used to buy a hedge portfolio according to the expected probabilities of surviving. Still, losses occur due to too aggressive mortality assumptions. The shortfall probability reaches a similar level in the hedged GMIB as in the hedged GAO case (roughly 10%). The extent of the loss, however, is rather limited in the GMIB case while it is unlimited in the GAO case. This leads to a situation where, even though the shortfall probabilities are similar for all product designs, the tail risk is much higher in the GAO case when compared to the GMIB case. Thus, for the insurer a GMIB product design is much easier to hedge than the considered GAO product. The hedged GMIB even shows a similar tail risk as the limited GAO.
The effects are even further pronounced in a scenario of very low interest rates with long term assumptions of θ = 0.015. Figure 3 shows the distribution of the insurer's loss at maturity T for all three considered annuity conversion options and all three considered insurer's strategies in the scenario of very low interest rates. The respective risk measures are shown in Table 6 . Table 6 : Selected risk measures of the insurer's loss in a scenario of very low interest rates.
In an environment of very low interest rates, again, all guarantees become more valuable from a client's perspective and all products become riskier from an insurer's perspective. The effect, though, is much more pronounced for the GAO product design than for the GMIB product design. Under very low interest rates, the GAO product shows by far the highest risk, even if the considered hedging strategy is in place. The tail risk in the 99.5% VaR and 99% TVaR, even after hedging, reaches a level of more than a full single premium paid. This certainly shows that guarantees that have been sold in times of very high interest rates with apparently no value and almost no risk, now turn out to be extremely valuable and risky.
Sensitivity with respect to volatility
As a next step, we focus on the impact of different volatility assumptions for the fund process on the risk of the different product designs. Since under the base case assumptions the GAO did not show any risk at all, we provide the sensitivity with respect to volatility under the scenario of low interest rates. Thus, throughout this section we assume a long term interest rate level of θ = 0.03. We start with the case of low volatilities by assuming σ S = 0.1 as opposed to the base case where σ S = 0.22 and also show the case of high volatilities by assuming σ S = 0.3.
Figures 4(a) and 4(b) show the distribution of the insurer's loss at maturity T for all three considered annuity conversion options and all three considered insurer's strategies in the scenario of low, respectively high, equity volatilities and low interest rates. The corresponding risk measures are shown in Table 7 and Table 8 .
First, we want to mention that the shortfall probability of all GAO product designs is not at all affected by equity volatility. The question whether a GAO or a Limit is in the money or not is only triggered by interest rates and mortality rates. For the GAO product design, equity (and thus equity volatility) only has an impact on the extent of the insurer's loss if the option is in the money. Since the insurer's loss is increasing with increasing fund values for the unlimited GAO, the risk is increasing in equity volatility. The higher the volatility, the higher is the likelihood of high fund values when the GAO is triggered. The 99.5% VaR (99% TVaR resp.) is given by 48% (55% resp.) in the case of low equity volatilities and 61% (87% resp.) in the case of high equity volatilities compared to 56% (72% resp.) before. However, the product's exposure to interest rates and mortality seems to be higher than its exposure to changing equity volatility. The limited GAO is hardly affected by changing volatilities since the limit completely absorbs the increased risk.
The GMIB shows a different sensitivity to equity volatility than the GAOs. Remember that the GMIB guarantee is not only triggered by low interest rates combined with low mortality rates, but also by low fund values. In particular, the risk of a GMIB lies in low fund values and not in high fund values. Thus, high equity volatility leads to a high risk for the insurer and this risk can be seen in any of the risk measures. The shortfall probabilities rise from 2.4% in the unhedged case (1.4% in the hedged case resp.) to 42% (15% resp.) if the volatility is increased from σ S = 0.1 to σ S = 0.3. The expected shortfalls even increase from 0.3% in the unhedged case (0.1% in the hedged case resp.) to 17.1% (1.17% resp.). A similar pattern, although on a different scale, can be seen when comparing tail risk measures such as VaR and TVaR. Under any considered risk measure, the impact of volatility is much higher in the unhedged case than in the hedged case.
Overall, the GMIB product shows a much higher sensitivity to equity volatility than the GAO. In the case of high equity volatility, both product designs show very high tail risks that can only be partly reduced by hedging in the GMIB product design and hardly reduced by hedging in the GAO product design. Reducing equity volatility significantly reduces the risk of the GMIB product while the effect on the GAO is less pronounced. The tail risk remains here rather high due to the low interest rate environment.
Sensitivity with respect to the equity risk premium
Finally, we analyze the impact of different equity risk premium assumptions on the risk of the different product designs. As in Section 4.4, we provide the sensitivity with respect to the equity risk premium under the scenario of low interest rates. Thus, throughout this section we assume a long term interest rate level of θ = 0.03 and we assume an equity risk premium of λ S = 0.06 as opposed to the base case where λ S = 0.03. Since the results are as expected, we refrain from showing the corresponding charts and tables and just describe the observed effect.
Clearly, the equity risk premium only has an impact on the analyzed risk measures and not on the value of the guarantees which are calculated under risk-neutral probabilities (and thus without any equity risk premium). Therefore, option values and option fees remain unchanged. As expected, the risk of the GAO products is increasing in the equity risk premium and the risk of the GMIB is decreasing in the equity risk premium. Although the GAO is triggered solely by interest rates and mortality, the extent of the insurer's loss is increasing in the fund value and thus in the equity risk premium. Clearly, this effect is less pronounced for the limited GAO. The GMIB is triggered by low fund values combined with low interest rates and mortalities. Therefore, the insurer's risk is decreasing in the equity risk premium. Both product types include equity risk. However, the risk changes in opposite directions.
Conclusion
The present paper provides a framework for a joint analysis of financial and longevity guarantees and applies this framework to different annuity conversion options in deferred unit-linked annuities. Typically, such guarantees constitute complex embedded options with a payoff that depends on the development of the underlying fund, interest rates, and mortality. In particular, we analyzed and compared two versions of so-called guaranteed annuity options (GAO) as well as guaranteed minimum income benefits (GMIB) with respect to the value of the option and the resulting risk for the insurer. A guaranteed annuity option guarantees the policyholder at the start of the deferment period a certain minimum conversion factor that will be applied at the end of the deferment period to convert the account value into a lifelong annuity. The second option was a limited GAO. It reduces the insurer's risk by defining a maximum account value up to which the guaranteed conversion factor at most applies. With the third option type, a guaranteed minimum income benefit, the policyholder can choose at retirement between receiving the guaranteed annuity, and converting the account value into a lifelong annuity at then prevailing rates.
Besides the different option types, we considered different risk management strategies of the insurance company dealing with these options. We assumed one insurer who charges no fee for the respective guarantee, one insurer who charges a fee for the guarantee but only invests this fee in money market instruments, i.e. it does not hedge the liabilities, and one insurer who charges the same fee for the guarantee but invests this fee in suitable hedging instruments. Since in practice still hardly any mortality derivatives are available, we consider a hedge of the financial risks only, assuming some given mortality expectation. Our analysis is based on a combined stochastic model which means that both, the financial market as well as future survival probabilities, are modeled stochastically.
Our results show that different annuity conversion options have significantly different option values and different risk management strategies lead to a significantly different risk for the insurance company.
In particular, we find that in our base case scenario, where long term market rate assumptions are rather high compared to the guaranteed conversion rate, a GMIB guarantee seems to carry a much higher risk for the insurer than GAOs. The main reason for this result, however, is the rather high interest rate level and the fact that the GAO is far out of the money at inception.
Reducing the level of the long term interest rate assumption then yields a much higher option value for all considered annuity conversion options and also a higher related risk for the insurer. It turns out that under a low and, in particular, under a very low interest rate environment, the extent of the risk is the highest for the GAO. Even though the insurer's probability of experiencing a loss might be similar compared to other product designs, the potential extent of the loss is the highest for GAOs in almost any considered constellation. This implies that in general the risk of annuity conversion options can be significantly reduced by either limiting the guarantee offering a limited GAO or by offering a completely different type as in the GMIB case.
Comparing different risk management strategies shows that, clearly, charging a fee and investing it in the bank account generally reduces the insurer's loss compared to charging no fee. However, since the charged fee is low compared to potential losses in the tail of the loss distribution, this strategy usually does not reduce the insurer's risk under typical risk measures in a significant way. In contrast, hedging against the financial risk seems to be much more effective, especially for GMIBs. The loss distribution for GMIBs significantly changes to the insurer's advantage if financial risks are hedged.
Furthermore, sensitivity analyses with respect to volatility show that the GMIB product displays a much higher sensitivity to equity volatility than the GAO. In the case of high equity volatility, both product designs show very high tail risks that can only be partly reduced by hedging in the GMIB product design and hardly reduced by hedging in the GAO product design. Reducing equity volatility significantly reduces the risk of the GMIB product while the effect on the GAO is less pronounced. The tail risk remains here rather high due to the low interest rate environment.
Comparing the risk drivers (fund value, interest rates and mortality), the risk of decreasing fund values turns out to be the predominant risk in GMIBs, whereas for traditional as well as limited GAOs interest and mortality risks are of higher importance. However, in the case of the traditional GAO, the extent of the insurer's loss (which is triggered by the mortality and interest rate development) increases with increasing fund value.
Further research could aim at studying more closely the question of decomposing the risk between the different risk drivers, equity, interest and mortality. This would probably yield an even deeper understanding of the influence of the different stochastic processes on the total risk of the insurance company. Since the influence of the different risk drivers not only depends on the type of product and the insurer's strategy, but also on the state of the contract at the considered time, from our point of view this question deserves a little more attention.
